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Abstract

Thispaperinvestigateshowto “observe” a planar object
beingpushedbyafinger. Thepushingisgovernedbya non-
linear systemthat relatesthroughcontactthe objectpose
and motionto the fingermotion. Nonlinearobservability
theory is employedto showthat the contact information
is oftensufficient for the finger to determinenot only the
posebut alsothemotionof theobject.Therefore a sensing
strategy can be realizedas an observerof the nonlinear
dynamicalsystem,which is subsequentlyintroduced.The
observer, basedon theresultof [6], hasits “gain” deter-
minedbythesolutionof a Lyapunov-likeequation.

Simulationshavebeendoneto demonstratethefeasibil-
ity of theobserver. A sensorhasbeenimplementedusing
strain gaugesand mountedon an Adeptrobot with which
preliminaryexperimentshavebeenconducted.

From a general perspective,this work presentsan ap-
proach for acquiringgeometricanddynamicalinformation
abouta taskfroma smallamountof tactile data,with the
applicationof nonlinearobservabilitytheory.

1 Intr oduction

Sensingandgraspingareoftenperformedsequentiallyby
robots. But this is not the casewith humanbeings. Even
with no helpfrom vision, thehumanhandcanusuallyma-
nipulateanobjectby feeling thecontactandutilizing this
informationto controltheobject.

For example,try to graspsomething,say, a pen,on the
tablewhile keepingyour eyes closed. Your handgropes
for it on the tableuntil oneof the fingerstouchesthe pen
and startspushingit for a short distance. By feeling if
the contactis almoststable,moving counterclockwise,or
moving clockwiseon the fingertip, you can quickly tell�
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if the middle, the right end, or the left endof the pen is
beingtouched,respectively. Immediately, you areableto
coordinateotherfingersto closein for a grip.

The above examplesuggeststhat the humanhandhas
some intrinsic way of exploiting the shapeinformation
aboutanobjectandthe tactile informationgeneratedby a
mechanicalinteractionwith theobject.In designingasens-
ing or graspingstrategy, weshouldtry to takeadvantageof
themechanics,themanipulatorandobject’sgeometry, and
their correlation. This paperillustratessuchideathrough
thestudyof aspecificproblem:Canwedeterminethepose
andmotionof a known objectfrom thecontactmotionon
a pushingfinger?

In this paperwewill answeryesin generalto theabove
question,offeringa poseandmotionestimationalgorithm
in Section4. Figure1 shows a simpleexampleof a disk
pushinga 7-gonandestimatingtheposeandmotionof the
polygonin lessthana secondusingthealgorithm.

1.1 RelatedWork

Dynamicsof sliding rigid bodieswastreatedby MacMil-
lan [15] for non-uniform pressuredistributions, and by
Goyaletal. [7] usinggeometricmethodsbasedonthelimit
surfacedescriptionof friction.

Montana[17] deriveda setof differentialequationsde-
scribing the motion of a contactpoint in responseto a
relativemotionof theobjectsin contact.Thekinematicsof
spatialmotion with point contactwasalsostudiedby Cai
andRoth[3].

Mason [16] pioneeredthe study of the mechanicsof
pushingusingquasi-staticanalysis. AlexanderandMad-
docks[1] offeredanalyticalsolutionto theproblemof de-
terminingthe motion of a slider underappliedforce by a
reductionto the caseof a bipod. Lynch et al. [14] local-
ized an objectusingthe mechanicsof pushingandtactile
feedback.

The paperby Salisbury [19] introducedfingertip force
sensingwhichdeterminescontactlocationsandorientations
from forceandmomentmeasurements.FearingandBin-
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(a)ActualScene (b) PerceivedScene

Figure1: A diskof radius1cmatconstantvelocity5cm
�
spushing

a 7-gon � while observingits poseandmotion. Contactfriction
is largeenoughto allow only therolling of the7-gonon thedisk
edge.Thecoefficient of supportfriction is 0.3. (a) Thesceneof
pushingfor 0 � 71s.(b) Theimaginarysceneas“perceived” by the
observer duringthesametime period. Althoughthe realcontact
andits estimatewereabout4.5cmapartonthecontactedgeat the
startof estimation,theerrorbecomesnegligible in 0.56s.

ford [5] designeda cylindrical tactile sensorto determine
theprincipalcurvaturesof anobjectthroughrolling contact.
Inspiredby theresultsonexploratoryproceduresin human
haptics,Allen andRoberts[2] fit anumberof contactpoints
aroundanobjectobtainedbyrobotfingerstoasuperquadric
surfacerepresentationto reconstructtheobject’sshape.

The foundationof our work comesfrom the theoryof
theobservability andobserversof nonlinearsystems.For a
generalintroductiontononlinearcontroltheory,wereferthe
readerto Isidori [9] andNijmeijer andvanderSchaft[18].

Necessaryandsufficient conditionsfor linearizationby
output injection for autonomousnonlinearsystems(i.e.,
withoutinput)weregivenin [11] byKrenerandIsidori,and
in [12] by KrenerandRespondekalongwith a constructive
algorithm.

Gauthier, Hammouri,andOthman[6] describedanob-
server for affine-controlnonlinearsystemswhose“gain” is
determinedvia the solutionof an appropriateLyapunov-
like equation. Ciccarellaet al. [4] proposeda similar
observer whosegain vector is controlledby the properly
choseneigenvaluesof a certainmatrix obtainedfrom the
originalsystem’s Brunowsky canonicalform.

Zimmer[20] presenteda stateestimatorbasedon New-
ton’smethodthatconductson-lineminimizationoversome
objective function.

2 Motion of Contact

Throughoutthe paperwe considerthe two-dimensional
problemof a translatingfinger � pushingan object � .

Thecoefficientof supportfriction between� andtheplane
is everywhere� . Object � hasuniform massandpressure
distributions.Let usassumefrictionlesscontactbetween�
and � at presentanddiscusscontactfriction in Section5.
Let �
	 bethevelocityof � , known to � ’scontroller, � and� thevelocityandangularvelocityof � , respectively, all in
theworld coordinateframe(Figure2).
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Figure2: Finger � translatingandpushingobject 

Let � beboundedbyasmoothcurve � and� boundedby

apiecewisesmoothclosedcurve � suchthat ������� and �������
arethetwo pointsin contactin thelocal framesof � and� ,
respectively. Without lossof generality, � and � areunit-
speedcurveswith curvatures��� and ��� (wheredefined),
respectively. Assumethatonecurve segmentof � staysin
contactwith � throughoutthepushingandthat � and � are
alwaysconvex in small neighborhoodsof the two contact
points. To avoid any ambiguity, the notation ‘˙’ means
differentiationwith respectto time, while the notation‘ � ’
meansdifferentiationwith respecttosomecurveparameter.
For example, ˙��� �!� ˙�"�$# �#&% #&%#(' givesthe velocity of the
contactpointon thefingertip.

That � and � maintaincontactimposesa velocity con-
straint: �
	*)+� � ˙� � �,) ��-/. �0) . � � ˙�21 (1)

where. �435� is therotationmatrixassociatedwith theorien-
tation 3 of � , which is determinedby theorientationof � ,� , and � . In ourpreviouswork [10], wederivedthecontact
andobjectmotionsfrom (1), the geometricconstraintsof
contact,andNewton’sandEuler’sequationsfor dynamics.

Theorem 1 In thegivensystemof � pushing� , thepoints
of contactevolveaccording to

˙� � � )+���6�7��89�:�,) ��-;. �0<"� 	 �� � )=� � ; (2)

˙�>� < � )?� � �7�@89�A�B) ��-C. �/<*�
	D��E�F)=��� ; (3)
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andtheobject’sangularacceleration andacceleration are
givenas

˙� �G< H ˙�E� �I� - �A� 	 <"�!�7<KJ ˙�E� �I� 8 . �0)L�:� � - �!� � < ˙�NM �)O� � -;P 	*) ��QR � � 8S� � � - Γ T�UVJS� � 8N�0) W 2� � 8S� M�1 (4)

˙�X� R W 2 ˙��-C. �
��<*��Q ΓR � � 8N� 1 (5)

where P 	 is theacceleration of � ,
R

and W theareaand
radiusof gyration of � , respectively, Q theacceleration of
gravity. The integral Γ �XY5Z . �
� - � .�[L- ˆ�@\2��)K�:�
�]8�!� ˆ�E\�^ [ is associatedwith support friction. Here �@\=��C) �_-".�[ is the velocityof [a`_b and ˆ�@\*� cedf ced f its

direction.1

3 Local Observability

Giventhenonlinearsystem(2)–(5),sensingcanbeviewed
asto determinetheobjectcontact � , andpossibly, theob-
ject’s angularvelocity � and velocity � , from the finger
contact� . In thissectionweshallstudywhether� contains
enoughinformationfor suchcomputation,resortingto the
notionof localobservability in nonlinearcontroltheory.

3.1 Nonlinear Local Observability

Let us considera smoothaffine (or input-linear)control
systemtogetherwith anoutputmap:

˙g �ihj� g �
)lkm n:o
1

� n5p n � g �N1;q=�r�4� 1 1�sts�se1u� k � `wvrxzy k 1{ �}|D� g �N1 (6)

where g �~��� 1 1�sts�se1u���@�4� is the state in a smooth � -
dimensionalmanifold � � y � (called the state space
manifold), hj1 p 1 1ts�stse1 p k aresmoothvectorfields on � ,
and |����4� 1 1ts�s�su1e���9�4� : � � y � is the smoothout-
put mapof the system. Here h is called the drift vector
field and

p
1 1�sts�se1 p k the inputvectorfields. In thesystem,� 1 1ts�stse1e� k aretheinputs,calledthecontrols. Throughout

weareonly concernedwith theclass� of admissiblecon-
trols thatarepiecewise constantfunctionsandcontinuous
from theright.

Denoteby { ���t1 g 0 1&qj� , �D� 0, theoutputfunctionof the
systemwith initial state g 0 and under control q . Two

1Equations(2)–(5)arenumericallysolvablefor �2������� , and � . Closed
forms of Γ exist for polygonalobjects;for mostothershapes,it hasto
be evaluatednumerically. At the initial state,the object and the finger
are motionless. The initial accelerationsare solvable using Newton’s
method[10].

states g 1 1 g 2
` � in an open set � x � are said

to be � -indistinguishable, denoted g 1 �9� g 2, if for any�i�
0 and any constantcontrol q : � 0 1 ��� � v such

that g ���t1 g 1 1&qj�N1 g ���t1 g 2 1&qj� ` � for all 0 ����� � , it fol-
lows that { ���t1 g 1 1(q���� { ���t1 g 2 1&qj� for all 0 �+��� � . The
systemis locally observableat g 0 if thereexists a neigh-
borhood  of g 0 suchthatin everyneighborhood� x  
of g 0 therelation g 0 �9� g 1 impliesthat g 0 � g 1. Thesys-
temis calledlocally observableif it is locally observableat
every g 0

` � .
The Lie derivativeof function �9¡ : � � y along a

vectorfield ¢ on � , denotedby £]¤¥�¦¡ , is thedirectional
derivative ^2� ¡ �A¢§���L^¨� ¡ 8©¢ , wherê2� ¡ �a�tª5«N¬ª�­ 1 1ts�stse1�ª5«S¬ª�­¦® �is thedifferentialor gradientof � . Theobservationspacē
of system(6) is thelinearspace(over y ) of functionson �
thatincludes� 1 1�sts�se1u��� , andall repeatedLie derivatives:£]¤ 1 £]¤ 2 8�8�8(£]¤�°��¦¡O�±£]¤ 1 �4£]¤ 2 �(s�stsS�4£]¤�°��¦¡9�
s�s�s �(�S1
for ²X� 1 1�sts�se1u³
1 ´�� 1 1 2 1�sts�s , and ¢ 1 1�sµs�s�1&¢·¶ `¸ hj1 p 1 1ts�stse1 p kF¹ . Theobservabilitycodistributionat stategº` � , denoted̂2¯0� g � , is definedas:^¨¯»� g �¼� spaņ ^2½"� g �¿¾5½ ` ¯ ¹ s
We refer thereaderto [8] and[18, pp.95–96]for moreon
nonlinearobservability.

Theorem 2 (Herman and Kr ener) System(6) is locally
observableat state g 0

` � if dim ^2¯0� g 0 �À��� .
The equationdim ^¨¯»� g 0 �C�Á� is called the observabil-
ity rank condition. Basically, to distinguishbetweena
stateand any other statein its neighborhood,it is nec-
essaryto considernot only the output functionsbut also
their derivativesalongall possiblesystemtrajectories.The
rankconditionensurestheexistenceof � outputfunctions
and/orderivativeswhich togetherdefinea diffeomorphism
on someneighborhoodof the state,which in turn ensures
thatthestateis locally distinguishable.

3.2 The Disk-PolygonSystem

Now we studythe caseof pushingin which finger � is a
disk boundedby �±�ÃÂ2� cos % Ä 1 sin % Ä �4� andobject � is a
simplepolygon. This typeof pushingis representative of
realtasks.Theinteriorof oneedgeÅ of � is in contactwith� throughoutthe pushing. Sincea sensingstrategy can
hypothesizeall edgesof � asthe contactedgeandverify
them oneby one, we assumethat Å is known. Let � be
the distancefrom the centroid Æ of � to Å . Choose� as
thesigneddistancefrom thecontactto theintersectionof Å
andits perpendicularthroughÆ suchthat � increaseswhile
moving counterclockwiseon Å , asshown in Figure3. The
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Figure3: A circularfingerpushingapolygonalobject.

orientationof � is 3O�±��Ç9Â�<·È
Ç 2.2 Thetangentandnormal
of � at the contactare

� �X�7�E�a�É< sin % Ä!1 cos % ÄE��� andÊ �/Â5�7�I�u�Ë<Ì� cos % Ä!1 sin % Ä6��� , respectively. Thesystem(2)–
(5) now reducesto 3

˙�Í� � Â ;
˙�±� � 8¦�:�/<*� 	 �7< � ��Â�)Î��� ;
˙� � �� 2 ) W 2 J � 2 �4Âj)?�E�Ï< 2� � 85�A�/<*�
	D�7< � -;P 	 M< ��QR ��� 2 ) W 2 � � - Γ; (7)

˙�X� W 2� 2 ) W 2 J Ê 8 P 	"< � 2 �4ÂD)=���
) 2� � 8¦�:�»<"�
	��ÐM Ê< ��QR � � � 8 Γ � � < �� 2 ) W 2 ��QR � Ê 8 Γ � Ê s
Wereferto (7) andits futurevariationsasthedisk-polygon
system. To apply Theorem2 we still needto rewrite (7)
into theform (6) of anaffine system.

Express� in termsof theFrenetframedefinedby
�

andÊ
: �=�Í�4Ñ � 1uÑ�ÒO�4� , where Ñ � �Ó�*8 � and Ñ�Ò��a�*8 Ê .

Alsoexpressthediskvelocity �2	 andaccelerationP 	 in the
sameframeas ��Ñ�	�Ô�1eÑ�	
Õ��4� and �4Ö9	�Ô]1uÖ¦	
Õ��4� , respectively.
Wefind that Ñ�Ò dependson � , � , and Ñ�	×Õ by takingthedot
productof

Ê
with thevelocity constraint(1):Ñ�Ò � Ñ�	×Õ;)?� � s

System(7) is now rewrittenas

˙g � hj� g �!)?Ö¦	EÔ p � �����
)+Ö¦	×Õ p Ò �����Ss (8)

The stateis g �Á���71e�91 � 1uÑ � 1eÑ 	 Ô]1eÑ 	 Õ���� ; the inputsare
theaccelerationcomponentsÖ 	 Ô andÖ 	 Õ alongthecontact
tangentandnormal,respectively; andtheoutputis a triple

2GivenadifferentcontactedgeØ 1 it follows Ù]Ú/�9Û�ÜEÝDÞ2Û 2 ß¥Ù&à 1 for
someconstantÙ&à 1 .

3Theseequationsassumethat á andthe disk centerareon different
sidesof Ø . Otherwisetheterm Ü6ßFâ in thefollowing equationsfor ˙�e� ˙�
� ˙�
needsto bereplacedby Ü!Ý,â .

{ �ã�4�!1eÑ�	EÔ]1eÑ�	×Õ���� . Thedrift andinputfieldsaregivenas

hj� g �¼�
äåååååååååååååæ

� ÂÑ � <=Ñ�	�Ô0< � ��Â�)+�E��� 2 ) W 2 H � 2 ��Â�)=���< 2� �4Ñ � <çÑ�	�Ô!�7< ��QR � Γ Ò�T� Ñ�	
Õ;)+� � 2 < ��QR � Γ�
0
0

èeéééééééééééééê
1

(9)p � � g �¼� � 0 1 0 1 0 1 0 1 1 1 0� � 1p Ò � g �¼� H
0 1 0 1N< �� 2 ) W 2 1 0 1 0 1 1T � s

Theorem 3 Thedisk-polygonsystem(8) is locally observ-
able.

Proof By Theorem2 it sufficesto show thattheobserv-
ability codistribution ^2¯ hasrank6 ateverystate.Now the
observation spacē consistsof the outputs �!1eÑ 	 Ô]1eÑ 	 Õ
andtheir repeatedLie derivatives.We choosefrom ^¨¯ the
following differentials:^2� � � 1 1 0 1 0 1 0 1 0 1 0� ;^2Ñ�	�Ô � � 0 1 0 1 0 1 0 1 1 1 0� ;^¨Ñ 	 Õ � � 0 1 0 1 0 1 0 1 0 1 1� ;^2£]ë@� � � 0 1 0 1eÂ51 0 1 0 1 0� ;^2£]ìuÕ�£ ë � � H

0 1eÂ � 2 < W 2�4� 2 ) W 2 � 2 1 0 1 0 1 0 1 0T ;^2£ ì Õj£Ïë6£ ì Õ�£]ë@�wííí î o
ï � H
0 1 Â2�4ÂD)=���

4W 4 1 0 1 0 1 0 1 0T s
Clearly, it sufficesto find onemore function in ¯ whose
partialderivativewith respectto Ñ � doesnot vanish.

Sucha taskis quiteeasy, for wehaveð �4£ ë £]ìeÕj£ ë ���ð Ñ � � Â � 2 < W 2�4� 2 ) W 2 � 2 ;ðð Ñ � ��£ ë £ÏìuÕ�£ ë £]ìuÕ�£ ë �E� ííííIî o
ï � Â2�4Âj)?�E�
4W 4 s ñ

The above proof in fact constructsseveral control se-
quenceswhich, whenappliedfor infinitesimalamountsof
time,will distinguishbetweendifferentstatesin any neigh-
borhood. Assuming �"ò� W , oneof the functions � , Ñ�	EÔ ,Ñ�	
Õ , £ ë � , £ÏìuÕ�£ ë � , and £ ë £]ìeÕj£ ë � musthave different
valuesin any two differentstatescloseenoughasguaran-
teedby the observability rank condition. Note that £]ë2�
is in fact the differentialoutputunderzerocontrol. Since
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£]ìuÕ�£ ë � may be written as 1
2 £ ëôó ìeÕD£ ë �,< 1

2 £ ë9õ ìuÕD£ ë � ,
oneof thesetwo functionsmustdistinguishthe two states
if £]ìuÕD£ ë � does. Obviously, £ ëôó ìeÕD£ ë � (or £ ë¦õ ìeÕj£ ë � )
is realizablein an arbitrarily small amountof time by the
controlsequencestartingwith zerocontrolandendingwithÖ9	
ÕL� 1 (or < 1). The casewith function £ ë £ÏìuÕ�£ ë � is
similar.

Supportfriction doesnotaffectthelocalobservability of
thedisk-polygonsystem,asnoneof thedifferentialschosen
in theproof to span̂2¯ involve theintegral Γ or any of its
partialderivatives.

4 PoseObserver

With the local observability result we can view sensing
strategiesasnonlinearobserversfor thedisk-polygonsys-
tem (8) or for the generalpushingsystem(2)–(5). An
observerof anonlinearsystemis anew systemwhosestate
alwaysconvergesto the stateof the original system. The
input of the observer consistsof the input as well as the
outputof theoriginal system.

Luenberger-like asymptoticobservers[13] for nonlinear
systemsareoftendesignedthroughlinearization.Thedisk-
polygonsystem,however, cannotbelinearizedfor wehave£ ì ÕD£]ë2£ ì Õ�£]ë@� � Â2�4Âj)+��� �¦��� 2 < W 2 ���� 2 ) W 2 � 3 1
violating one of Nijmeijer’s necessaryconditions[18, p.
156] on linearization. Anotherapproachof observer de-
sign transformsthe original systeminto a linear system
modulo an output injection [11]. The necessarycondi-
tions for a nonlinearsystemto admit linearobserver error
dynamicsareratherrestrictive andhardly satisfiedby the
disk-polygonsystem,let alonesystem(2)–(5).

Ourobserver, for thedisk-polygonsystemonly, usesthe
following resultby Gauthier, Hammouri,andOthman[6].

Theorem 4 (Gauthier, Hammouri, and Othman)
Considerthesingleoutputnonlinear(andanalytic)system

˙g � hj� g � (10)ö � �!� g �
definedonan � -dimensionalstatespacemanifold � . If

1. themapping÷ : g=ø�iù*� J �!� g �S1�s�sts&1u£ ��õ 1ë �!� g � M �
is a diffeomorphismon � ,

2. £ �ë �7� g � can be extendedfrom � to y � by a úFû
functionthat is globallyLipschitzianon y � ,

thenthesystem

˙̃g �ih�� ˜g �7< ð ÷ õ 1ð ù J ÷j� ˜g � M!ü õ 1û ú � J �!� ˜g �7< ö M (11)

where úr�r� 1 1 0 1�sts�s(1 0� , and ü û is thesolutionofequationý � <Dþ ü û <*ÿ � ü û < ü û ÿ=)+ú � úF1 (12)

with ÿ n�� ¡Î� � n�� ¡ õ 1, for þ large enough,is an observer
for (10) with error dynamics�

˜g ���u�]< g ���u� � � �"�:þ2�(Å õ����
3
�

˜g � 0�7< g � 0� � s
TheGHOobserverfor anonlinearsystem(6)with inputs

isacopyof theoriginalsystemplustheerrorcorrectiveterm
given in (11). To admit suchan observer, not only must
conditions1 and2 in Theorem4 hold for thedrift system
˙g � hj� g � , but alsotheoriginalsystemmustbeobservable
for any input.

Gettingbacktothedisk-polygonsystem(8),weconsider�71e�91 � , and Ñ � only as the statevariablessince Ñ 	 Ô andÑ 	 Õ areknown. Thedrift andinput fieldsreducefrom (9)
accordingly. With � beingthesystem’sonlyoutput,thenew
coordinatesundermap÷ consistof � anditsLie derivatives,
up to thethird order:äååæ � ��Ñ �

è ééê 	<×� g � äååæ �� ÂÂ5£ ë �Â5£ 2ë �
è ééê s

For all except at most a finite number of states,^2�71uÂ5^ � 1eÂ5^¨£ ë � , and Â5^2£ 2ë � are linearly independent,so
themap÷ is locallydiffeomorphicalmosteverywhere.The
Jacobianof the inversetransformation÷ õ 1 is thenthe in-
verseof theJacobianof ÷ .

Solvingequation(12)under�»� 4 for ü û andplugging
it into (11),weobtainanobserver for system(8):äååæ ˙̃�

˙̃�
˙̃�
˙̃Ñ �
è ééê �Vhj� ˜�71 ˜�¦1 ˜� 1 ˜Ñ � �7<KJ P 	 8 Ê � ˜���ÉM p Ò � ˜���
< äååæ 1 0 0 0

0 0 Â 0Â5^2£ ë � � ˜�71 ˜�¦1 ˜� 1 ˜Ñ � �Â5^2£ 2ë � � ˜�71 ˜�¦1 ˜� 1 ˜Ñ � �
è ééê õ 1äååæ 4þ

6þ 2
4þ 3þ 4
è ééê � ˜�B<º���Ss (13)

It shouldbenotedthatthesecondconditionin Theorem4
doesnot hold since £ 4ë � is generallynot extendableto a
globally Lipschitzianfunction. However, £ 4ë � is locally
Lipschitzian.Theobserverwe just gave is a localone,like
mostothernonlinearobservers.

5 Contact Friction

In thepresenceof contactfriction betweenthefingerandthe
object,we needto considertwo modesof contact:rolling
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Figure4: Statevariabletrajectoriesvs.stateestimatetrajectories
in Figure1.

and sliding, accordingto whetherthe contact force lies
insidethecontactfriction coneor on oneof its two edges.
Eachmodeis hypothesizedandsolved; thenthe obtained
contactforce is verified with the contactfriction conefor
consistency.

It is not difficult to setup motion equationsfor rolling
andsliding thataresimilar to (2)–(5)andprove that local
observability carriesover to both situations. A GHO ob-
server for purerolling canalsobe derived. We will show
thesimulationresultson this observer in thenext section.

6 Simulationsand Experiments

The GHO observers for frictionlesscontact(13) and for
rolling weresimulated.Theobjectdatain oursimulations
wererandomlygeneratedpolygons.Thecoefficientof sup-
port friction waschosento be uniformly 0.3. The finger
accelerationsandvelocitiesusedin simulationsareachiev-
ableonanAdeptrobot.

For the rolling exampleshown in Figure1, the trajec-
tories of �!1e�91 � and their estimates˜�71 ˜�¦1 ˜� are shown in
Figure4. 4 Table1 shows moretestresultswith thesame

4All time measurementsin thefigureandin thefollowing tablerefer
to therealworld not to computersimulation.To give an idea,simulating
1sof observationfor rolling contacttook about100s,while simulating1s

polygonandcontactedge.

Type 
�� 
 No. of Successes
(cm2 � s) Tests No. Avg Time(s)

Frictionless 0 10 30 29 0.37
Contact 10 10 30 26 0.41
Rolling 0 10 30 27 0.22

0 5 30 25 0.56
10 10 30 26 0.25
10 5 30 23 0.57

Table1: Observerperformancefor thepolygonandcontactedge
in Figure 1. In eachtest, the real contact � 0 and its estimate
˜� 0 weregeneratedrandomlyon the edge. The disk velocity ���
at the start of observation was always5cm

�
s north. The disk

acceleration
 � was either 0cm
�
s2, or 10cm

�
s2, which lasted

for 0.5sbeforevanishing. The parameter
 controlsthe GHO
observers(seeTheorem4). A testwasconsidereda failure if ˜�
hadnotconvergedto � in 1.5s.

We have built a “finger” with tactile capability using
four straingaugesasshown in Figure5. Thestraingauges
areconnectedto an Omega PC plug-in card to form two
Wheatstonehalf bridgesthatmeasurethecomponentsof a
forceexertedon thedisk boundaryalongthe � and ö axes
of the disk, respectively. When contactfriction is small
enough,thecontactforcemeasuredby thegaugeswouldbe
alongthedisknormalat thecontact,therebyindicatingthe
contactpoint.

The sensorcandetectforce in microstrainswith a fre-
quency over 2000Hz. It reportsa contactwith the disk
boundaryin termsof its polaranglewith respectto thedisk
center. After calibration,thesensedstaticcontacts(in 1000
readings)constantlyhave a meanwithin onedegreeaway
from therealcontactanda standarddeviation of lessthan
0.5degree.

To realizethe GHO observer, we areworking on im-
proving the sensorreadingsof moving contactswhich are
currentlynoisydueto varyingcontactfriction.

7 Summary

Wehave introduceda sensingapproachbasedonnonlinear
observability theorywhich makesuseof one-fingertactile
information.Theapproachdeterminestheposeof aknown
planarobjectby pushingit with a fingerthatcan“feel” the
contactmotion. It alsoestimatestheobjectmotionduring
thepushing.

Thekinematicsof contactandthedynamicsof pushing
yield a systemof nonlinearODEswhosestateincludesthe
object poseandmotion and whoseoutput is the moving

of observationfor frictionlesscontacttookabout600s.
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Figure 5: A force sensorfor contactsensing. The sensoris
composedof a horizontaldisk and a cylindrical stainlesssteel
beamerectedvertically on thedisk andattachedto thegripperof
anAdeptrobotat thetop. Two pairsof straingaugesaremounted
ontheupperendof thebeamwherethey wouldbemostsensitive
to any forceexertedon thedisk.

contacton thefingertip. We establishthelocal observabil-
ity of this systemfor the specialcaseof a disk pushinga
polygon.Suchresultis expectedto carryovertomostother
fingerandobjectshapes.This resultformstheunderlying
principleof our sensingalgorithm,which is anobserver of
thenonlineardynamicalsystem.

Basedon the result of [6], we constructasymptotic
nonlinearobservers taking into accountsupport friction
and/orcontactfriction and demonstratethem by simula-
tions. Theseonlineobserversarecapableof correctingany
localerrorin estimatingtheobjectposeandmotion.

Wehaveimplementedaforcesensorusingstraingauges
to detectcontactlocations. Preliminaryexperimentshave
beencarriedout with anAdeptrobot.

Our undergoingresearchfocuseson the sensorexperi-
mentsandtheextensionof poseandmotionobservability
to 3-D tasks.
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