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Abstract

This paperinvestigateshowto “observe” a planar object
beingpushedyafinger Thepushingsgovernedyanon-
linear systenthat relatesthrough contactthe objectpose
and motionto the finger motion. Nonlinearobservability
theoryis employedto showthat the contactinformation
is often suficientfor the fingerto determinenot only the
posebut alsothe motionof the object. Theefore a sensing
strategy can be realizedas an observerof the nonlinear
dynamicalsystemwhich is subsequentlyntroduced. The
observerbasedon the resultof [6], hasits “gain” deter
minedby the solutionof a Lyapunov-likeequation.

Simulatiorshavebeendoneto demonstatethefeasibil-
ity of the observer A sensorhasbeenimplementedising
strain gaugesand mountedon an Adeptrobot with which
preliminary experimentdavebeenconducted.

From a generl perspectivethis work presentsan ap-
proac for acquiringgeometrianddynamicainformation
abouta taskfrom a smallamountof tactile data, with the
applicationof nonlinearobservabilitytheory

1 Intr oduction

Sensingandgraspingare often performedsequentiallyby
robots. But this is not the casewith humanbeings. Even
with no helpfrom vision, the humanhandcanusuallyma-
nipulatean objectby feeling the contactandutilizing this
informationto controlthe object.

For example,try to graspsomethingsay a pen,on the
tablewhile keepingyour eyes closed. Your handgropes
for it on the tableuntil oneof the fingerstoucheshe pen
and startspushingit for a shortdistance. By feeling if
the contactis almoststable,moving counterclockwiseor
moving clockwise on the fingertip, you can quickly tell
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if the middle, the right end, or the left end of the penis
beingtouched respectiely. Immediately you areableto
coordinateotherfingersto closein for a grip.

The abore example suggestghat the humanhandhas
someintrinsic way of exploiting the shapeinformation
aboutan objectandthetactile informationgeneratedy a
mechanicainteractiorwith theobject. In designingasens-
ing or graspingstrat@y, we shouldtry to takeadwantageof
the mechanicsthe manipulatorandobject's geometryand
their correlation. This paperillustratessuchideathrough
thestudyof aspecificproblem: Canwe determinghepose
andmotion of a known objectfrom the contactmotionon
apushingfinger?

In this papewe will answelyesin generako theabove
guestion offering a poseand motion estimationalgorithm
in Section4. Figurel shovs a simple exampleof a disk
pushinga 7-gonandestimatingthe poseandmotionof the
polygonin lessthana secondiusingthealgorithm.

1.1 RelatedWork

Dynamicsof sliding rigid bodieswastreatedby MacMil-
lan [15] for non-uniform pressuredistributions, and by
Goyaletal. [7] usinggeometrianethodasenthelimit
surfacedescriptionof friction.

Montana[17] deriveda setof differentialequationgle-
scribing the motion of a contactpoint in responseo a
relative motionof theobjectsin contact. Thekinematicsof
spatialmotion with point contactwasalso studiedby Cai
andRoth([3].

Mason[16] pioneeredthe study of the mechanicsof
pushingusing quasi-staticanalysis. Alexanderand Mad-
docks[1] offeredanalyticalsolutionto the problemof de-
terminingthe motion of a slider underappliedforce by a
reductionto the caseof a bipod. Lynch et al. [14] local-
ized an objectusingthe mechanicof pushingandtactile
feedback.

The paperby Salistury [19] introducedfingertip force
sensingvhichdeterminesontactlocationsandorientations
from forceandmomentmeasurements. FearingandBin-



(a) Actual Scene

(b) PercevedScene

Figurel: A diskofradiuslcmatconstantelocity5cm/spushing
a 7-gonP while observingts poseandmotion. Contactfriction

is large enoughto allow only therolling of the 7-gonon thedisk

edge. The coeficient of supportfriction is 0.3. (a) The sceneof

pushingfor 0.71s.(b) Theimaginarysceneas“perceived” by the

obserer duringthe sametime period. Althoughthe real contact
andits estimatenvereabout4.5cmaparton the contactedgeat the

startof estimationtheerrorbecomesegligible in 0.56s.

ford [5] designeda cylindrical tactile sensorto determine
theprincipalcurvaturef anobjectthroughrolling contact.

Inspiredby theresultson exploratoryproceduresn human

haptics Allen andRobertd?2] fit anumberof contactpoints

aroundanobjectobtainedy robotfingersto asuperquadric
surfacerepresentatioto reconstructhe objects shape.

The foundationof our work comesfrom the theory of
theobsenrability andobserersof nonlinearsystems For a
generaintroductionto nonlinearcontroltheorywereferthe
readetrto Isidori [9] andNijmeijer andvander Schaft[18].

Necessanandsufiicient conditionsfor linearizationby
output injection for autonomousonlinearsystems(i.e.,
withoutinput)weregivenin [11] by Krenerandisidori,and
in [12] by KrenerandRespondelalongwith a constructve
algorithm.

Gauthiey Hammouri,andOthman[6] describedan ob-
sener for affine-controlnonlinearsystemavhose‘gain” is
determinedvia the solution of an appropriatel yapuna-
like equation. Ciccarellaet al. [4] proposeda similar
obsenrer whosegain vectoris controlledby the properly
choseneigervaluesof a certainmatrix obtainedfrom the
original systems$ Brunowsky canonicaform.

Zimmer[20] presented stateestimatorbasedn New-
ton’smethodthatconductson-lineminimizationover some
objective function.

2 Motion of Contact

Throughoutthe paperwe considerthe two-dimensional
problemof a translatingfinger F pushingan object .

Thecoeficientof supportfriction between3 andtheplane
is everywherey. ObjectB hasuniform massandpressure
distributions. Let usassumérictionlesscontactetweern®
and B at presenianddiscusscontactfriction in Section5.
Letwv = bethevelocity of F, knownto F’scontrollet » and
w thevelocity andangularvelocity of B, respectiely, all in
theworld coordinaterame(Figure?2).

Ye
Fing%er F

Figure 2: FingerF translatingandpushingobject

LetF beboundedyasmoothcurvea andB boundedy
apiecavisesmoothclosedcure 8 suchthata (u) andj(s)
arethetwo pointsin contactn thelocalframesof 7 and5,
respectrely. Without lossof generality « and 3 areunit-
speedcurveswith curvaturess, andxs (wheredefined),
respectiely. Assumethatonecurve sggmentof 3 staysin
contactwith « throughouthe pushingandthat« andg are
alwayscorvex in small neighborhood®f the two contact
points. To avoid ary ambiguity the notation‘”’ means
differentiationwith respectto time, while the notation*”’
meandifferentiatiorwith respecto somecurve parameter
For example,& = o'u = 424 givesthe velocity of the
contactpointonthefingertip.

ThatF and5 maintaincontactimposesa velocity con-
straint:

vr+au = v+wxRE+RES, (2)
whereR(#) istherotationmatrixassociategith theorien-
tationd of 13, whichis determinedy the orientationof F,
u, ands. In ourpreviouswork [10], we derivedthecontact
and objectmotionsfrom (1), the geometricconstraintsof
contactandNewton’sandEuler’s equationgor dynamics.

Theorem 1 In thegivensystenof F pushingB, thepoints
of contactevolveaccoding to

wHkpa' - (v+wx RB—vF), B
Ko + Kg '

—w4 ket (v+wx RE—vF)
Ko + Kp

)



andtheobjectsangularacceleation andacceleation are
givenas

w =

- (ua” X (vF—v)— <ua”-Rﬂ+ (B x Bw — é)w
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whee a r is the acceleation of F, .4 and p theareaand
radiusof gyration of B, respectivelyy the acceleation of
gravity. Theintegral I = [, RG' x (Rp x ©,) + (3’ -
B)v, dp is associatedwith supportfriction. Here v, =
v +w x Rp is thevelocityof p € B and v, = % its
direction?

+a' x ar +

), @

3 Local Obsewability

Giventhenonlinearsystem(2)—(5),sensingcanbe viewed
asto determinethe objectcontacts, and possibly the ob-
ject’s angularvelocity w and velocity », from the finger
contactu. In thissectionwe shallstudywhetheru contains
enoughinformationfor suchcomputationyesortingto the
notionof local obserability in nonlinearcontroltheory

3.1 Nonlinear Local Observability

Let us considera smoothaffine (or input-linear)control
systemtogethemwith anoutputmap:

Fl@)+) uigi(e), w=(u1,...,un) €U CR™,

i=1
y = h(z), (6)
wherez = (z1,...,2,)7 is the statein a smoothn-

dimensionalmanifold M C R (called the state space
manifold), f,g,,...,9,, aresmoothvectorfieldson M,
andh = (hy,...,ht)Y ©* M — R* is the smoothout-
put map of the system. Here f is calledthe drift vector
fieldandg,, ..., g,, theinputvectorfields. In thesystem,
uy, . . ., Uy aretheinputs,calledthe controls. Throughout
we areonly concernedvith theclassl/ of admissiblecon-
trols that are piecavise constanfunctionsand continuous
from theright.

Denoteby y(t, xo, u), t > 0, theoutputfunctionof the
systemwith initial statex, and undercontrol w. Two

1Equationg2)—(5)arenumericallysolvablefor u, s, v, andw. Closed
formsof I' existfor polygonalobjects;for mostothershapesijt hasto
be evaluatednumerically At the initial state,the objectand the finger
are motionless. The initial accelerationsare solvable using Newton’s
method[10].

stateszy,®, € M in anopensetV C M are said
to be V-indistinguishabé, denotedx1/" x,, if for ary
T > 0 andary constantcontrol« : [0,7] — U such
thate (¢, @1, uw), (¢, 2, u) € Vforall0 <t < 7T,it fol-
lowsthaty (¢, x1,u) = y(t, z2,u) forall0 <t < T. The
systemis locally observableat x if thereexists a neigh-
borhoodWW of x( suchthatin every neighborhood” C W
of x¢ therelationzo/" 1 impliesthatzo = 1. Thesys-
temis calledlocally observabléf it is locally obserableat
everyxo € M.

The Lie derivativeof functionh; : M — R alonga
vectorfield X on M, denotedby L x h;, is the directional

derivativedh;(X) = dh;-X,wheredh; = (gixi, e g:j)
isthedifferentialor gradienof . Theobservatiorspace?
of system(6) is thelinearspacgover %) of functionson M

thatincludeshy, . . ., hg, andall repeated.ie deriatives:

Lx,Lx, - Lxhj = LXl(LXZ(' = (Lthj) x ))’

forj = 1,...,k, [ = 1,2,..., and X,,.... X; €
{f,91,--,9,} Theobservabilitycodistritution at state
x € M, denoted!O(z), is definedas:

dO(z) = spafdH(x)|H €O }.
We referthereaderto [8] and[18, pp. 95—-96]for moreon
nonlinearobsenrability.

Theorem 2 (Herman and Kr ener) System(6) is locally
observablat statexo € M if dimdO(xo) = n.

The equationdimdO(zo) = n is called the observabil-
ity rank condition Basically to distinguishbetweena

stateand ary other statein its neighborhoodjt is nec-

essaryto considernot only the outputfunctionsbut also

their derivativesalongall possiblesystemtrajectories.The

rank conditionensureghe existenceof n outputfunctions
and/orderivativeswhich togethermefinea diffeomorphism
on someneighborhoodf the state,which in turn ensures
thatthe stateis locally distinguishable.

3.2 The Disk-Polygon System

Now we studythe caseof pushingin which finger F is a
disk boundedby a = r(cos%,sin%)” andobjects is a
simplepolygon. This type of pushingis representate of
realtasks.Theinteriorof oneedgee of 55 isin contaciwith
F throughoutthe pushing. Sincea sensingstratgy can
hypothesizeall edgesof B asthe contactedgeand verify
them one by one, we assumethat e is known. Let h be
the distancefrom the centroidO of B to e. Chooses as
thesigneddistancdrom the contacto theintersectiorof e
andits perpendiculathroughO suchthats increasesvhile
moving counterclockwis@n e, asshavn in Figure3. The
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Figure 3: A circularfingerpushinga polygonalobject.

orientatiorof Bis¢ = u/r—m /2.2 Thetangenandnormal
of F atthe contactare” = o = (—sin%,cos%)” and
N=rao' =—(cos¥,sin%)”, respectiely. Thesysten(2)-
(5) now reducedo ®

U = Wr)
s =T -(v—vr)—w(r+h);
. s 2 B e _
w = —52+p2(w (r4+h)—2wT (v —vF) Txa]:)
Hyg
T 7
A+ 0
P2 2
v = m<N~af—w (r+h)+2wT~(v—vf))N
B __ 5 Mo
AS(T nT 52+p2A(N MN.

Wereferto (7) andits futurevariationsasthe disk-polygon
system. To apply Theorem2 we still needto rewrite (7)
into theform (6) of anaffine system.

Express in termsof the Frenetframedefinedby 7" and
N: v = (vp,vn)T, wherevy = v - T andvy = v - N.
Also expresghediskvelocity v+ andacceleratiom = in the
samdrameas(vz,., vr,)! and(ax,, ax, )T, respectiely.
Wefindthatvy depend®ns, w, andvz,, by takingthedot
productof N with thevelocity constraini(1):

UN = UFry t Sw.

System(7) is now rewritten as
v = f(®)+ar gr(x) +arygn(z). (8)
The stateis z = (u, s,w, vr, ve,, vry )L ; theinputsare

theacceleratiomomponents -, anda r,, alongthecontact
tangentandnormal,respectiely; andthe outputis atriple

2Givenadifferentcontactedgee; it followsé = u/r — 7/2+ 8., for
someconstante; .

3Theseequationsassumehat O andthe disk centerare on different
sidesof e. Otherwisehetermr + 4 in thefollowing equationdor s, w, v
needdo bereplaceddy r — A.

y = (u,vx,,vry) L. Thedrift andinputfieldsaregivenas

(9)

wr
vp — vE, —w(r+ h)
s
—52—|—p2 (wz(r—l—h)
flz) = —2u(vp —ve) — B
(v —vF,) s N
wuEy + sw? — %FT
0
0
gT(w) = (O: O: O: O: 1: O)T;
T
s
gN(w) = (O’O’_32—|—p2’0’0’1) .

Theorem 3 Thedisk-polygorsystem(8) is locally observ-
able

Proof By Theoren? it sufiicesto shav thattheobserv-
ability codistributiond© hasrank6 atevery state.Now the
obsenation space( consistsof the outputsu, vz, vz,
andtheirrepeated.ie derivatives. We choosdrom dO the
following differentials:

du = (1,0,0,0,0,0);

dvs, = (0,0,0,0,1,0);

dvr, = (0,0,0,0,0,1);

dL;u = (0,0,r,0,0,0);

2 g2
Ly, Lyu = <o,rm,o,o,o,o>;
dLgNLngNquL:p - <o,r(’;7;:m,o,o,o,o).

Clearly, it sufiicesto find onemore functionin O whose
partialderivative with respecto vy doesnotvanish.
Suchataskis quiteeasyfor we have

O(LyLgyLyu) - s*—p* .
vy (s2+ p?)?2
0 r(r+h)
—(LsLyuLsLg, L = - 7 0O
vy ( FHgn b f g f U) . 4p4

The above proof in fact constructsseveral control se-
guencesvhich, whenappliedfor infinitesimalamountsof
time, will distinguishbetweerdifferentstatesn ary neigh-
borhood. Assumings # p, oneof the functionsu, vz,
VFyy Lyu, Ly Lyu, and Ly Ly, Lyu musthave different
valuesin ary two differentstatescloseenoughasguaran-
teedby the obserability rank condition. Note that L ;u
is in fact the differentialoutputunderzerocontrol. Since



LgyLyumaybewrittenasiLyig Lyu— 1Ls g, Lyu,
oneof thesetwo functionsmustdistinguishthe two states
if Ly, Lyu does.Obviously, Lyyg, Lru (Or Li_g, Lsu)
is realizablein an arbitrarily smallamountof time by the
controlsequencstartingwith zerocontrolandendingwith
ar, = 1(or —1). Thecasewith functionL;L,, Lyuis
similar.

Supporfriction doesnotaffectthelocal obsenrability of
thedisk-polygorsystemasnoneof thedifferentialschosen
in the proofto spand® involvetheintegral I' or ary of its
partialderivatives.

4 PoseObsener

With the local obserability result we can view sensing
stratgiesasnonlinearobsenrersfor the disk-polygonsys-
tem (8) or for the generalpushingsystem(2)—(5). An
observerof anonlinearsystems anew systemwhosestate
alwayscorvergesto the stateof the original system. The
input of the obserer consistsof the input aswell asthe
outputof theoriginal system.

Luenbegerlike asymptoticobserers[13] for nonlinear
systemareoftendesignedhroughlinearization.Thedisk-
polygonsystemhowever, cannotbelinearizedfor we have

s(s2 — p?)
(s2+ p2)3’
violating one of Nijmeijer's necessaryonditions[18, p.
156] on linearization. Anotherapproachof obserer de-
sign transformsthe original systeminto a linear system
modulo an output injection [11]. The necessarycondi-
tionsfor a nonlinearsystemto admitlinearobsenrer error
dynamicsareratherrestrictve andhardly satisfiedby the
disk-polygonsystem]et alonesystem(2)—(5).
Ourobserer, for thedisk-polygonsystenonly, useshe
following resultby Gauthiey Hammouri,andOthman[6].

LQNLfLQNqu = T(?’—i—h)

Theorem 4 (Gauthier, Hammouri, and Othman)
Considerthesingleoutputnonlinear(andanalytic) system

r = f(=) (10)
y = hi=)
definedon an n-dimensionaktatespacemanifold M/ . If
T
1. themappingy : @ — 2z = (h(w), : ..,L}L‘lh(:c))
is a diffeomorphisnon M,

2. L}h(=) can be extendedfrom M to ®" by a C*°
functionthatis globally Lipsditzianon %",

thenthesystem

oyt

i = - 2

(x(@)sztc” (n(@) - v) @D

wheeC = (1,0,...,0),andS isthesolutionofequation

—(Seo —ATS,, — S A+ CTC, (12)

o =

with A; ; = §; ;_1, for ¢ large enough,is an observer
for (10) with error dynamics
(1) 2@l < K(Qe F|#(0) — 2(0)].

TheGHOobsenrerfor anonlinearsystem(6) with inputs
isacopyof theoriginalsystenplustheerrorcorrectveterm
givenin (11). To admitsuchan obserer, not only must
conditionsl and2 in Theoremd hold for the drift system
x = f(=), but alsotheoriginal systemmustbe obserable
for ary input.

Gettingbacktothedisk-polygorsysten(8), we consider
u, s,w, and vy only asthe statevariablessincev s, and
vz, areknown. Thedrift andinputfieldsreducefrom (9)
accordingly With u beingthesystemsonly output thenew
coordinatesindemmapy consisof « andits Lie derivatives,
up to thethird order:

u

s % wr
— xr =

rLjw

vp rL%w

For all except at most a finite number of states,
du,rdw,rdL;w, and rdL%w arelinearly independentso
themapy is locally diffeomorphicalmosteverywhere. The
Jacobiarof the inversetransformationy~? is thenthe in-
verseof the Jacobiarof y.

Solvingequation(12)undern = 4 for S., andplugging
it into (11), we obtainanobsenrer for system(8):

i
2| = r@s) — (ar NG )an ()
e
1000 \Ya
00+ O 6¢2 |, ~
rdLsw(@, 5,0, vr) 4¢3 (i = ). (13)
rdL%w(&,§,@,U}) ¢t

It shouldbenotedthatthesecondconditionin Theoren#
doesnot hold sinceL;u is generallynot extendableto a
globally Lipschitzianfunction. However, L?u is locally
Lipschitzian.Theobsererwe just gave is alocal one like
mostothernonlinearobserers.

5 Contact Friction

In thepresencef contactriction betweerthefingerandthe
object,we needto considernwo modesof contact:rolling
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Figure 4: Statevariabletrajectoriesss. stateestimatetrajectories
in Figurel.

and sliding, accordingto whetherthe contactforce lies
insidethe contactfriction coneor on oneof its two edges.
Eachmodeis hypothesizednd solved; thenthe obtained
contactforce is verified with the contactfriction conefor
consisteng

It is not difficult to setup motion equationdor rolling
andsliding thatare similar to (2)—(5) and prove thatlocal
obsenability carriesover to both situations. A GHO ob-
sener for purerolling canalsobe derived. We will shav
the simulationresultson this obsererin the next section.

6 Simulationsand Experiments

The GHO obserers for frictionless contact(13) and for
rolling weresimulated.The objectdatain our simulations
wererandomlygenerategolygons.Thecoeficientof sup-
port friction was chosento be uniformly 0.3. The finger
accelerationandvelocitiesusedin simulationsareachie/-
ableonanAdeptrobot.

For the rolling exampleshawn in Figure1, the trajec-
tories of u, s,w andtheir estimatesi, 5,0 are shawvn in
Figure4. 4 Table1 shavs moretestresultswith the same

4All time measurementis the figure andin the following tablerefer
to therealworld not to computersimulation. To give anidea,simulating
1sof obsenationfor rolling contacttook about100s while simulatingls

tis?

polygonandcontactedge.

Type ar ¢ No. of Successes
(cn?/s) Tests “No. AvgTime(s)

Frictionless 0 10 30 29 0.37
Contact 10 10 30 26 0.41
Rolling 0 10 30 27 0.22

0 5 30 25 0.56

10 10 30 26 0.25

10 5 30 23 0.57

Table 1: Obsener performancdor the polygonandcontactedge
in Figure1. In eachtest, the real contactso andits estimate
3o weregeneratedandomlyon the edge. The disk velocity v »

at the startof obsenation was always5cnys north. The disk

accelerationu = was either Ocrrys®, or 10cny's?, which lasted
for 0.5sbefore vanishing. The parameter, controlsthe GHO

obserers(seeTheorem4). A testwasconsideredh failure if §

hadnotconvergedto s in 1.5s.

We have built a “finger” with tactile capability using
four straingaugesasshaowvn in Figure5. Thestraingauges
are connectedo an Omega PC plug-in card to form two
Wheatstondnalf bridgesthatmeasurghe componentsf a
force exertedon the disk boundaryalongthe z andy axes
of the disk, respectirely. When contactfriction is small
enoughthecontacfforcemeasuredy thegaugesvouldbe
alongthedisk normalat the contacttherebyindicatingthe
contactpoint.

The sensorcandetectforce in microstrainswith a fre-
gueny over 2000Hz. It reportsa contactwith the disk
boundaryin termsof its polaranglewith respecto thedisk
center After calibration thesensedtaticcontactgin 1000
readings)constantlyhave a meanwithin one degreeawvay
from thereal contactanda standardieviation of lessthan
0.5dagree.

To realizethe GHO obsenrer, we are working on im-
proving the sensorreadingsof moving contactswhich are
currentlynoisy dueto varyingcontactfriction.

7 Summary

We have introduceda sensingapproactbasednnonlinear
obsenability theorywhich makesuseof one-fingertactile
information. Theapproactdetermineshe poseof aknown
planarobjectby pushingit with afingerthatcan“feel” the
contactmotion. It alsoestimateghe objectmotion during
thepushing.

The kinematicsof contactandthe dynamicsof pushing
yield a systenmof nonlinearODEswhosestateincludesthe
object poseand motion and whoseoutputis the moving

of obsenationfor frictionlesscontacttook about600s.
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Figure 5: A force sensorfor contactsensing. The sensoris

composedf a horizontaldisk and a cylindrical stainlesssteel
beamerectedrertically onthedisk andattachedo the gripperof

anAdeptrobotatthetop. Two pairsof straingaugesaremounted
ontheupperendof thebeamwherethey would be mostsensitve

to ary forceexertedon thedisk.

contactonthefingertip. We establistthelocal obsenabil-
ity of this systemfor the specialcaseof a disk pushinga
polygon. Suchresultis expectedo carryoverto mostother
fingerandobjectshapes.This resultformsthe underlying
principleof our sensingalgorithm,whichis anobserer of
thenonlineardynamicalsystem.

Basedon the result of [6], we constructasymptotic
nonlinearobserers taking into accountsupportfriction
and/or contactfriction and demonstratehem by simula-
tions. Theseonlineobserersarecapableof correctingary
local errorin estimatinghe objectposeandmotion.

We haveimplementedaforcesensowusingstraingauges
to detectcontactlocations. Preliminaryexperimentshave
beencarriedout with anAdeptrobot.

Our undegoing researcHocuseson the sensorexperi-
mentsandthe extensionof poseand motion obsenrability
to 3-D tasks.
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